In this paper, we consider the higher-order q-Bernoulli polynomials of the second kind and investigate some symmetric identities under the third Dihedral group D 3 which are derived from multivariate p-adic invariant integral on Z p .
Introduction
Let p be a fixed prime number. Throughout this paper, Z p , Q p , and C p will, respectively, denote the ring of p-adic rational integers, the field of p-adic rational numbers and the completion of the algebraic closure of Q p . Let v p be the normalized exponential valuation of C p with |p| p = 1/p and let q be an indeterminate in C p with |1 − q| p < p −1/(p−1) . As is well known, the q-number of x is defined by [x] q = (1 − q x )/(1 − q). Note that lim q→1 [x] q = x. Let us assume that f (x) is uniformly differentiable function on Z p . The p-adic invariant integral on Z p is defined to bê Zp f (x)dµ 0 (x) = lim
f (x), (see [8, 10, 12] ).
(1)
From (1), we havê
where f (0) = df (x)/dx| x=0 . By (2), we easily get
where B n (x) are called Bernoulli polynomials. When x = 0, B n = B n (0) are called the Bernoulli numbers (see [8, 9, 10] ). Recently, several authors have studied variously q-analogue of Bernoulli numbers and polynomials (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] ). In [8] , D. S. Kim and T. Kim have considered q-Benoulli polynomials of the second kind as follows:
When x = 0, β n,q = β n,q (0) are called the q-Bernoulli numbers of the second kind. From (4), we can derive the following recurrence relation:
with the usual convention about replacing β n q by β n,q (see [6, 7, 8] ). By (4) and (5), we get
For r ∈ N, we consider the higher-order q-Bernoulli polynomials of the second kind as follows :
When
n,q (0) are called the Bernoulli numbers of order r. Thus, by (7), we get
In this paper, we investigate some symmetric identities for the higher-order q-Bernoulli polynomials of the second kind under the third Dihedral group D 3 .
2. Some identities for the higher-order q-Bernoulli polynomials of the second kind
Then we see thatˆZ
From (9), we can derive the following equation: 
Therefore, by (10) and (11), we obtain the following theorem.
Theorem 2.1. Let w 1 , w 2 , w 3 ∈ Z with w 1 ≥ 1, w 2 ≥ 1, w 3 ≥ 1. Then the following expressions
are the same for any σ ∈ D 3 , where
By (8), we get
Therefore, by Theorem 1 and (12), we obtain the following theorem.
Theorem 2.2. Let w 1 , w 2 , w 3 ∈ Z with w 1 ≥ 1, w 2 ≥ 1, w 3 ≥ 1. For any non-negative integer n, the following expressions
are the same for any σ ∈ D 3 . Now, we observe that
From (13), we can derive the following equation :
By (10), (12) and (14), we get
n,q w 1 (w 2 , w 3 |k),
where
n,q (w 1 , w 2 |k) = 
